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1. INTRODUCTION 

In any discipline, an important component of model building is the
assessment of a model's ability to replicate a known data set. The accurate
replication of a known data set by a model aids in validating the theoretical
propositions on which the model is based. For instance, we may attempt to
replicate migration patterns using data on distances and populations, or
locational rents with data on distances from the centre of a city, or the
geometry of stream channels with data on sediment loads. In each case it
is important to be able to measure the accuracy of a model, since inaccuracy
suggests we do not fully understand the process we are trying to model.
Inaccurate replication of data also decreases one's confidence in using a
model to predict unknown data, or to predict the effect of changes in a
system. For instance, if a model can accurately replicate the revenue gener-
ated by a shopping centre based on its size, the model can be used to predict
the additional revenue generated by adding, say, 10 000 square meters to the
shopping centre. If the model is inaccurate, however, our confidence in
predicting future revenue is diminished.

The failure of a model to replicate accurately an observed data set may
be the result of one of several things: violations of the model's underlying
assumptions, truly anomalous geographical behaviour, or evidence of model mis-
specification. Consequently, judging goodness-of-fit of a model is a complex
task that is only partly a statistical problem. Statistics do, however,
play a vital role in the assessment process. This monograph attempts to
provide insights into the statistical aspects of this process.

The statistical assessment of how well a model replicates observed data
involves use of one or more 'goodness-of-fit' statistics, that involve a
quantitative description of some aspect of the difference between Y, the set
of model predictions, and Y, the set of observed values of the dependent
variable in the model. At the choice of goodness-of-fit statistics
can be critical. For example, Willmott (1984) employs three goodness-of-fit
measures to evaluate model performance and each statistic indicates a differ-
ent model as the most accurate. Because of a poor selection of goodness-of-
fit statistic, Ayeni (1982) concludes that a model's estimates and the ob-
served data are not significantly different at the 99% significance level,
yet the model explains only 29% of the observed variance in the data!
Contradictions such as these arise because different goodness-of-fit statis-
tics measure different things, and hence they can yield different conclusions
about the degree of correspondence between predicted and observed values of
the dependent variable in a model. In this monograph we cannot discuss every
goodness-of-fit statistic but we can examine the accuracy of, and the
significance testing procedures associated with, a representative sample of
such statistics.

Goodness-of-fit statistics serve two purposes. The first concerns com-
parison: either comparison of the accuracy with which two or more models
replicate a known data set, or the comparison of the accuracy with which one
model replicates two or more data sets. In either case, the relationship
between error and the value of the goodness-of-fit statistic employed must
be known in order to draw accurate conclusions regarding comparative model
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of an origin i and a destination j,
Both models can

performance. A common mistake, for example, is to conclude that a model
yielding a goodness-of-fit statistic twice as large as that produced by an
alternative model is half (or twice, depending on the statistic) as accurate.
As we shall demonstrate, such a conclusion is likely to be incorrect since
the relationship between the value of a goodness-of-fit statistic and what
we think of as error is often non-linear.

We will assume that the type of model comparison being undertaken is the
typical situation in which nested hypotheses are being examined. That is,
the models being compared can be considered as special cases of the same
general model form. A common example is when the two models, A and B, are
being compared, and model A contains all the variables in model B plus one
or more additional variables. Another common example is when the same vari-
able occurs in a different functional form in two otherwise identical models.
For example, one model of shopping destination choice might postulate this
choice as a power function of the cost of overcoming the spatial  separation

while another might postulate the
same choice as an exponential function of cost, exp
be stated in the same general form as: 'choice = f (cost)', where f is some
function to be specified. In many cases, it is a matter for empirical re-
search and accurate model comparison to establish the most suitable func-
tional form for a particular variable. The assumption of comparing nested
hypotheses allows us to concentrate on goodness-of-fit statistics that are
commonly employed in geographic research. A special set of goodness-of-fit
statistics for the comparison of non-nested hypotheses has been developed
and some of these are discussed by Anselin (1984). Such statistics are
likely to see limited use in geography, however, where the comparison of
truly non-nested hypotheses is very rare. As Anselin notes, even model forms
that appear to be quite diverse can often be derived from the same general
framework.

The second purpose served by goodness-of-fit statistics concerns hypo-
thesis testing and the determination of whether the difference between sets
of actual and predicted values is statistically significant. This demands
knowledge of the sampling distribution of the statistic(s) used. Even when
sampling distributions of the goodness-of-fit statistics are known, however,
goodness-of-fit tests may produce undesirable results. For example, standard
goodness-of-fit tests employing the chi-square statistic will reject the

hence we might conclude that the model is unsuitable) due to some trivial
departure of the model estimates from the data if the sample size is suffic-
iently large. Alternatively, if the sample size is small, this same test
may be unable to reject the null hypothesis, even when the departure of the
model estimates from the observed data is quite large. This characteristic
of some significance tests produces a number of practical problems in model
evaluation (Openshaw, 1979).

Given these initial observations on the importance and the use of
goodness-of-fit statistics, it might be expected that such a topic has been
subjected to fairly intensive investigation, and that a standard set of
goodness-of-fit measures has been established. Unfortunately, relatively
few surveys or systematic examinations of goodness-of-fit statistics exist
(examples include Smith and Hutchinson, 1981, Anselin, 1984, and Willmott,
1984), and the lack of investigation into the suitability of the numerous
goodness-of-fit statistics available has led to a less-than-rigorous use of
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such statistics. There has, for example, been widespread use of ad hoc
statistics with unknown sampling distributions, and use of statistics whose
sensitivity to error is unknown; there has also been a lack of consistency
in the use of different statistics in different studies (cf. Hathaway, 1975;
Thomas, 1977; Fotheringham and Williams, 1983; Miller and O'Kelly, 1983;
Southworth, 1983; Constanzo and Gale, 1984), which has hampered the compari-
son of results across studies.

In this monograph, particular emphasis is placed on identifying statis-
tics that facilitate accurate comparison across data sets and/or models, and
on identifying the conditions under which significance tests may produce
undesirable results. While it may be impossible to identify one ideal
goodness-of-fit statistic for all situations, we aim to provide information
on the relative merits of particular statistics in a variety of circumstances.
Hopefully, this will contribute to a greater awareness of the importance of
selecting appropriate goodness-of-fit statistics in geographic research.

2. TWO GENERAL MODELS

In the subsequent section we review, and demonstrate the use of,
several goodness-of-fit statistics commonly employed in geographic research
to assess model validity. To facilitate an understanding of these statistics
we will consider two general models, and an application of both.

2.1 An Additive Linear Model with Normally-Distributed Error 

Probably the most common model form in geographic studies is an additive
linear model, the simplest example of which is:

In the survey of goodness-of-fit statistics that follows, we will employ
this model form with data given in Table 1. The dependent variable, y,
represents mean family income (mapped in Figure 1), and the independent vari-
able, x, represents mean years of education. Data on both variables are
given for 20 zones within a city.' A simple regression yields the following

'These data are taken from Willemain (1980, p.198), and are actual
income and education data for 20 communities in Massachusetts. The
spatial representation in Figure 1 is hypothetical.
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andrelationship between

with values of
be to identify statistics that accurately identify the degree of difference

accurately estimated by the model; points far away from this line indicate
values -that are inaccurately estimated.

given in Table 1. The task of the following section will

between
mean incomes. A plot or y against
figure is useful in showing the accuracy with which particular values of
are estimated by the model. Points close to the l ine indicate values of

the set of observed mean incomes, and , the set of predicted
is given in figure 2. The latter

Figure 1. Mean Family Income by Zone

It is also useful to examine the spatial distribution of the regression
residuals (Figure 3). If there is a significant clustering of either nega-
tive or positive residuals, this is often indicative of a poorly specified
model in which an explanatory variable has been omitted, and which invali-
dates the results of the model calibration. In Section 6 we will describe
a technique to examine the clustering of residuals more objectively, but for
now we simply rely on the visual appearance of the residuals. There does
not appear to be any strong clustering, and the negative and positive re-
siduals, indicating under- and overpredictions respectively, seem fairly
randomly distributed throughout the study area.

7
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(3)

from regression

Observed Mean Family Income (y i )
(ln thousand. of dollars)

Figure 2. Observed Versus Predicted Mean Family Income

Figure 3. Mean Income Residuals

For some statistics that we consider, the observed and predicted values
need to be converted to proportions, by dividing each value in a set by the
sum of the values in that set. In this case, the sum of the observed values,

2.2 A Multiplicative Model with Poisson-Distributed Error 

Another common form of geographic model is the multiplicative form shown
below, where the dependent variable is a count of some observations and the
independent variable can either be count data or the more traditional
continuous data.

of sinkholes in a limestone area, the number of work trips generated by a
particular neighbourhood within a city, the number of trees of a particular
type, the number of customers at a shop, and so on. In such cases, when the

sider each error term being drawn from a normal distribution. Instead, we

number of binomial experiments (the occurrence or non-occurrence of whatever

that have the structure described in equation (3) are log-linear models
(Upton and Fingleton, 1979; Wrigley, 1985). Another common model in geography,
the gravity model of spatial interaction, can be constructed so that it has
a Poisson-distributed error term (Flowerdew, 1982; Flowerdew and Aitkin,
1982; Fotheringham and Williams, 1984; Lovett, Whyte and Whyte, 1985).

To demonstrate the application of various goodness-of-fit statistics
to models with Poisson error terms, we will use the following data which we
imagine to be the number of sinkholes in various sections of a limestone
region:

Imagine too that we have data on the density of the rock in each
section and that the model described in equation (3) is fitted to the data,
generating the following predicted values:

= (8, 5, 6, 4, 8, 2, 2, 3, 4, 8) .

Again, for some of the statistics discussed, we need to use proportions
rather than the actual count data. In this case, the observed and predicted
proportions are:
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(7)

(5)

3. GOODNESS-OF-FIT STATISTICS 

A review of the geographic literature reveals that numerous
goodness-of-fit statistics have been employed by geographers to assist in model

validation. These statistics can be classified into four types: traditional;
general distance; log-likelihood; and information-based. Representative
statistics in each of these groups are now examined with reference to the
two models discussed in the previous section.

3.1 Traditional Statistics 

The two most commonly used goodness-of-fit statistics are the coefficient
of determination (inter aria Hanushek and Jackson, 1977; Taylor, 1977; Silk,

1979; Clark and Ballard, 1980; Fotheringham, 1983; Jones, 1984), and the
Pearson chi-square (inter aria Bishop et al., 1975; Black and Salter, 1975;

Hathaway , 1975; Openshaw, 1976; Pindyck and Rubinfeld, 1976; Snickars and
Weibull , 1977; Baxter and Ewing, 1979). The former should only be employed

for models with normally-distributed error; the latter only for models with
Poisson-distributed error. We will thus demonstrate the use of the co-
efficient of determination with model 1, and the use of chi-square with

model 2.

(4)

(6)

The lower is the variance of the residuals, the greater is the proportion of
the variance of y explained by the model.

1. To examine the significance of the difference between the calculated
value of R and zero, a t- test can be applied, where:

1 0

and where n-2 represents the degrees of freedom. For the income data,

population correlation coefficient between
our model is producing a set of income predictions that is not com-
pletely random, but that exhibits some correspondence to the observed
data. If we could not reject the null hypothesis that there was no

11

The two-tailed critical
value of t at the 95% confidence level with 18 degrees of freedom is
2.101, and thus we can strongly reject the null hypothesis that the

is zero. That is,



(8)

Thus, while this significance testing

where z is a normal deviate

with

(9)

(10)

it is possible to
establish a confidence interval for

To demonstrate the use of this procedure in model validation,

confidence interval to values ofthe

number of parameters (including the constant) estimated in the model.
There are two degrees of freedom terms associated with the F test,

12)

3.

significant difference between R and zero, we might reject the theory
that education is a determinant of income. However, this is a very
insensitive test in terms of model validation. The set of predictions
would have to be extremely poor in order not to reject the null
hypothesis. In this case, where n = 20, rearranging equation (7) to
solve for R, R would have to be less than 0.45 (and hence R 2 less than
0.2025) in order not to reject the null hypothesis of no significant
relationship between
procedure will identify extremely poor models, it will not adequately
differentiate between the vast majority of models whose performance
ranges from average to very accurate.

2. To examine the statistical significance of the difference between R and
a value between 0 and 1, P, the test statistic is:

is Fisher's Z transformation:

)eing defined in the same way and:

As Agresti and Agresti (1979) point out, the assumption that the test
statistic in equation (9) has a Normal distribution is quite good when
the sample size is at least 25 but is used in practice for sample sizes
as small as 10. It would be very useful in a goodness-of-fit context
to be able to examine the significance of the difference between R and
1.0 (a perfect model fit), but unfortunately this is not possible
because log 10 (1-R) is undefined when R = 1. However, the Fisher
transformation described in equation (10) is useful to establish a con-

where z is the standard normal deviate corresponding to the a/2
significance level in one-tail of the normal probability distribution.
Once a confidence interval is established for

by converting the end points of

relations, this reinforces the belief that income is positively related
to education level. From the confidence interval of R, it is straight-

and 0.890. Hence, we can be 95% sure that there is at least a 45.4%
reduction in error when we use education levels instead of the overall
mean income figure to predict average incomes.

When the predicted values of our dependent variable are obtained from
a regression model with more than one independent variable, we can

from zero, but it suffers from the same insensitivity problem as the
t-test in that it can be used to identify poor models, but on its own
cannot be used to classify a model as 'average' or 'good'. Models
that yield surprisingly inaccurate predictions can 'pass' the F-test.
However, the F-test can be used to compare the performance of
different models.

12 13



adjusted by:

(15)

where n represents the number of observations and k represents the number
of parameters estimated in the model. The adjusted R 2 can be subjected to
all the significance testing procedures described above. For our example:

(13)

(14)

(16)

and where:

14 15



For our sinkhole data, described in Section 2:

Before discussing the significance of this particular result, it is

indicate increasing error. This has important implications for the way in
which significance tests for goodness-of-fit statistics are conducted. For

standard practice in significance testing to set up a null hypothesis of no
significant difference, and proceed to reject this null if the calculated
value of the statistic exceeds the critical value at some predetermined
significance level. This predetermined level is often 95% (a = 0.05) so that
given a research hypothesis that significant differences actually exist,
the chance of making a Type I error (rejecting the null hypothesis when it
is true) is minimised. Such a confidence level, however, is poorly suited

since, in minimising Type I error, the procedure is extremely susceptible to
Type II error. This latter error is particularly important in goodness-of-
fit testing: we do not want to conclude falsely that our model is accurate.
That is, we should make it as difficult as possible to achieve the result
we want to achieve, which, in the context of goodness-of-fit testing, is
usually that the model is an accurate one. By selecting a significance
level of a = 0.05. we make it too easy to accept the null hypothesis that

adopt a much more conservative significance level, one that reduces the risk
of making a Type II error. Unfortunately, there is no standard level to

increasing values of the goodness-of-fit statistic indicate decreasing model
accuracy. Thomas (1977), in an earlier CATMOG, makes this point regarding
significance levels and goodness-of-fit testing, as do Abrahams and Mark
(1986). The latter authors demonstrate that in model validation tests on

was rejected increased from 15 to 46 percent.

2. Because the units of the numerator are the square of the units in the
denominator, the statistic is not standardised for different data

the degrees of freedom increased proportionately, but these are defined
only in terms of the number of observed and predicted values and the
number of parameters in the model, not in terms of the magnitude of the

observed values are subjectively defined. Such a situation arises in
many geogrpahical studies: for example, one might predict, say, expend-
iture flows where the units of currency could be pounds, hundreds of
pounds, dollars, etc., or agricultural yields which could be expressed
as pounds, kilograms or tons, or sediment loads of streams which could
be defined in terms of ounces or grams.

3.2 General Distance Statistics 

We define general distance statistics as being measures of the average

coefficients (Chu, 1982; Gaile, 1983), the Index of Dissimilarity (Duncan
and Duncan, 1955; Timms, 1965; Thomas, 1977) and measures of root mean square
error (Black, 1973; Openshaw and Connolly, 1977; Pitfield, 1978; Willmott,
1984). As representative of general distance statistics, we examine
standardised root mean square error (SRMSE), which is defined by Pitfield
(1978) as:

of parameters estimated in the model. For our data, the degrees of freedom

our model is an accurate one.

is a useful goodness-of-fit statistic, there are two potential problems with
its use:

10 8 4
2 5 9
7 6 1
5 4 1
9 8 1
1 2 1
5 2 9
2 3 1.
4 4 0
5 8 9

76 U 36

16



where:

Information-based goodness-of-fit statistics are based on this equation
because it is also a measure of the similarity between two sets of probabil-
ities or proportions. Here, we will examine three such information statistics,
Information Gain, Psi, and Absolute Entropy Difference. For more examples
of the use of information statistics in geographic research, see Thomas
(1981) and Johnston and Semple (1983).

3.3.1 Information Gain

(20)

Although information gain is widely used as a goodness-of-fit statistic
and has some useful properties, there are two potential problems with its
use. Firstly, the value of the statistic depends on which vector is defined

vector of prior (predicted) information, which usually leaves little doubt
about which is which. Also, as already mentioned, all of the predicted
values may be non-zero. However, in instances where one or more of these
problems arise, a superior goodness-of-fit statistic is available in the psi
statistic described below.

3.3.2 Psi

The psi statistic was developed by Kullback (1959) and introduced into
the geographical literature by Ayeni (1982; 1983). It is defined as:

(21)

A major problem with the use of SRMSE (this also applies to the other
general distance goodness-of-fit statistics) is that there is no theoretical
distribution for the statistic, and hence it is difficult to interpret our
value of 0.379 except to say it is closer to 0.0 than 1.0. We cannot assess
the accuracy of our model further at this stage. However, in a later section
we will discuss the derivation of experimental distributions which can be
used to assess the significance of any statistic.

SRMSE is preferred to root mean square error, which is not divided by
because the latter is very sensitive to the magnitude of the data, and is

therefore not comparable between spatial systems. The unstandardised
statistic is also sensitive to large deviations from the mean (Wilson, 1976;
Southworth, 1977; Pitfield, 1978). SRMSE should only be used when

3.3 Information-Based Statistics

The significance of information gain can be found through its relation-
ship to the minimum discrimination information statistic (MDI):

(19)
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The statistical significance of AED can be examined if we assume that
the entropy values are the means of normal distributions. A t test of differ-
ences between means can then be applied (Hutcheson. 1970). In the case of

(25)

20

using Monte Carlo methods, as will be discussed in Section 4.

3.3.3 Absolute Entropy Difference 

A third information-based statistic is the absolute entropy difference
(AED), which is defined as the absolute value of the difference in the
entropies of the observed and predicted probability distributions:

where H denotes Shannon's entropy measure (1948), so that:

21

(22)

(23)

(24)



At the 75% confidence level and with n-k degrees of freedom (8 in this case),
the critical value of t 8s 0.706 and therefore we reject the null hypothesis
that there is no significant difference between the observed and predicted
values. We conclude that the model used to generate the predicted number of
sinkholes is not a reasonable one for this data set.

Because AED is a function of the difference between two summary

data sets are very dissimilar. Users of this statistic should thus be very
careful to avoid the false conclusions that can arise from the use of AED.
Other potential problems with the use of AED significance testing include
the assumption that the entropy values are normally-distributed, and doubts
have been raised regarding the validity of the variance formulas in
equations (26) and (27) under certain circumstances (Pielou, 1969). Despite
these shortcomings, AED can be a useful statistic because it appears to be
a rigorous test of model validity, and because of its linear relationship
with error (see Section 4 below).

3.4 Log-Likelihood Statistics 

A final category of goodness-of-fit statistics involves the use of
maximum likelihood as a general method of estimating the parameters of a
model, in which parameters are found that are most likely' given the
observed data (McCullagh and Helder, 1983). For a general outline of like-
lihood and maximum likelihood, see Vincent and Haworth (1984) and Pickles
(1986). To illustrate briefly the notion of likelihood, let us examine a
classic example: that of drawing, with replacement, balls from an urn con-
taining only pink and blue balls. Suppose that in five draws we obtain four
pink balls and one blue ball. What is the most likely proportion of pink
balls in the urn? Let the probability of drawing a pink ball on any one

is at a maximum. However, use of the likelihood function itself is cumber-
some. Since the maximum of L and in L coincide, it is convenient to maximise:

22

which, on rearranging, yields:

For both the additive and multiplicative models that we have been using
in this monograph, obtaining the maximum likelihood estimates for the para-
meters a and 2 proceeds in a similar fashion. When parameter estimates are
obtained via maximum likelihood estimation, likelihood goodness-of-fit
statistics follow naturally as means of model validation.

Typically, we evaluate a given model's performance relative to the
performance of a 'full' model: a model containing one parameter for each
observation of the dependent variable, y. As a result, this full model
exactly replicates the original data. We may then take the ratio of a
model's likelihood to that of the full model, or alternatively, take the
difference of the logs of these likelihoods as a measure of model goodness-
of-fit. A useful statistic in this regard is:

23



which is the same formulation as the MDI  statistic described in the section
on information gain statistics. Consequently, D for the sinkhole data is
8.762, which at the 75% confidence level is less than the critical value of
chi-square with 8 degrees of freedom. We thus accept the null hypothesis

4. ERROR SENSITIVITY OF GOODNESS-OF-FIT STATISTICS 

We mentioned initially that goodness-of-fit statistics are useful in
two situations: one is when we want to evaluate the performance of one model
in replicating a data set; the other is when we want to evaluate either the
performance of one model in replicating two or more data sets, or the per-
formance of two or more models in replicating a single data set. For the
former, we often rely on the significance testing procedure which we have
discussed and to which we will return in the next section. For the latter,
we often rely on an assumption that the relationship between the values of
a goodness-of-fit statistic and error levels is linear. For instance, we

Knudsen and Fotheringham (1986) have recently described the error sen-
sitivity of various goodness-of-fit statistics, and here we expand their
results. An idea of the sensitivity of each statistic identified in Section
3 to variations in error levels is obtained through simulation, first under
an assumption of Normal, additive errors and then under an assumption of
Poisson-distributed, multiplicative errors. For Normal errors, this involves
the generation of a vector of Normally-distributed data. Model estimates
are then obtained at error levels of 1%, 5% and 10-100% in increments of
10%, using the transformation:

these need to be replaced with small, positive values when calculating those
statistics, such as information gain, where nonpositive values cannot be
used. The subsequent results are generated with replacement values of unity.

by random drawing from a Poisson distribution, and model estimates are again
generated at various error levels, in this instance utilising:

Notice that the formulation for D given in equation (28) is a very
general one that can be used to compare the performance of any two models,
and not simply the performance of one model against a perfect model (that
is, one that replicates the observed data exactly). - It is thus a useful
statistic for comparing the relevance of particular variables in a model:
a comparison can be made between models where one or more variables have been
excluded. The degrees of freedom in such an application would be equal to
the difference in the number of parameters estimated in the two models.
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where terms are as previously defined (cf. Smith and Hutchinson. 1979). In

Results of the sensitivity analysis are given in Figures 5 and 6. The
vertical axis on each figure represents the values of statistics standardised
between 0 and 1. These standardised values are obtained by dividing each

value by the largest value of the statistic obtained over a given error
range. The horizontal axis represents the proportion of error separating
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Figure 5. Error Sensitivity for Normal Error

Proportion Introduced Error

Figure 6. Error Sensitivity for Poisson Error

and is omitted. On either graph, a useful goodness-of-fit statistic for
comparative purposes would be indicated by a linear relationship between the
value of the statistic and error level. This property would imply that the
statistic is equally responsive to all error levels, and that metric pro-
perties could be applied to the statistic. The relationships in Figure 5
indicate that the ranking of the statistics in order of their usefulness for

ation gain and log-likelihood difference. The relationships in Figure 6
indicate that the ranking of the statistics for Poisson error is: SRMSE,
AED, psi, log-likelihood difference, information gain, and chi-square. This
ranking suggests that generalised distance statistics such as SRMSE are
superior to other types of goodness-of-fit statistic for comparative purposes
(comparing the performance of the same model in different systems). This is
not unexpected, since the error levels on the graph are defined in terms of
percentage error. However, what may be surprising is the extent of the

divergence of several of the statistics from a linear relationship. In the

decreases slowly at low error levels, but above an approximately 20% error
level, the value of the statistic decreases rapidly and almost linearly.
The lower bound of the statistic also appears to be conditional on the dis-
tribution of the observed flows (cf. Wilson, 1976; Silk, 1979; McLafferty
and Ghosh, 1982; Knudsen and Fotheringham, 1983).

Chi-square, information gain, psi and AED also exhibit nonlinear
relationships with error levels. This nonlinearity is consistently more
pronounced for information gain, deviance and chi-square than for the remain-
ing statistics, and hence the assumption of a linear relationship for these
statistics could lead to misleading conclusions regarding the extent of the
superiority of one model over another. Psi and AED lie between SRMSE and
chi-square in therms of error sensitivity. Conclusions about relative
model performance with these statistics would be more unreliable for
Poisson error than for Normal error, and psi is more nonlinear than AED
for both error distributions. Conclusions about model performance based
on D may also be misleading, since the statistic is chi-square distributed for
Normal error and only asymptotically chi-square for Poisson error.

5. SIGNIFICANCE TESTING AND GOODNESS-OF-FIT STATISTICS 

5.1 Theoretical Significance Tests 

Theoretical or 'standard' significance testing procedures exist for
many, but not all, of the statistics that have been discussed. Such pro-
cedures make reference to a theoretical distribution. For example, the
significance of the information gain statistic can be examined by calculating
the value of the associated MDI statistic which is assumed to be chi-square
distributed (in fact it is asymptotically chi-square distributed). Similarly,

a Normal distribution. It is important to recognize two potential problems
with this type of significance testing procedure.

(i) In identifying useful significance testing procedures for model
evaluation, it is important to consider possible complications introduced by

27



DO 99 TIMES

samples against the observed data set. These experimentally generated
values of the goodness-of-fit statistic are then used to provide an experi-
mental distribution for the value of the statistic determined with the model
(Figure 7).

may be measured in kilograms, tons, or rail carloads; the same set of shopping
expenditures may be measured in dollars or hundreds of dollars; the same set
of migration flows may be measured in individual units or family units. The

size subjective. Consequently, the use of significance tests, such as chi-
square, in which the calculated value is sensitive to sample size but the
critical value is not, leads to situations where the significance of a set
of model estimates may be altered by simple redefinition of units.

(ii) We can often assume that a goodness-of-fit statistic has some
theoretical distribution, but we do not know whether our assumption is valid
in many instances. In some cases, for example, a statistic may be distributed
according to a known theoretical distribution for large samples only, and we
may have little idea as to its distribution when sample size is small, or
indeed what constitutes a large or small sample.

5.2 Experimental Significance Tests

The use of theoretical distributions in significance testing is a legacy
of late nineteenth and early twentieth century thinking when there was no
other way to assess the significance of particular statistics. Today,
however, we can take advantage of high-speed, large-memory computers and
obtain experimental distributions for any statistic. In so doing, we do not
need to make assumptions about the theoretical properties of particular
statistics.

Two approaches to experimental significance testing exist: distributional
methods (Openshaw, 1979; Diaconis and Efron, 1983) and randomisation methods
(Kempthorne, 1955; Edgington, 1967; Hope, 1967; Costanzo, 1983). Distribu-
tional methods compare model estimates with those generated by random
sampling from a known distribution. Randomisation methods seek comparison
of model estimates with random arrangements of the observed data (Cliff and
Ord, 1981). In both cases, a null hypothesis of no significant difference

whenever the experimental procedure produces values superior to those obtained
for the model in a specified number of cases (Hope, 1967; Openshaw, 1979).
For example, to conclude that a model is adequate, one might require the
experimental procedure (a random drawing of predicted values) to generate
superior values of the statistic less than 5% of the time. The two experi-
mental significance testing procedures are now discussed in greater detail.

5.2.1 Distributional Methods 

Distributional methods are used to simulate the variance of a statistic
when the distribution of the observed data (and hence the model estimates)
is known, but the goodness-of-fit statistic has no known the theoretical
distribution. When using distributional methods, the null hypothesis is that
the model produces estimates that are not significantly different from a
simple random drawing from the distribution that generated the observed data
set. The significance testing procedure is as follows. A value of a
goodness-of-fit statistic (chi-square, for example) is calculated using the
observed data and the model estimates. Following this, samples (typically
99 or 999) of n cases each are drawn from an appropriate distribution, and
a value of the goodness-of-fit statistic is calculated for each of the
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99 EGF VALUES

Figure 7. Distributional Experimental Variance Calculation

For example, for our sinkhole data the observed chi-square statistic
is 9.3. These are count data drawn from a Poisson distribution with mean 5.

Poisson distribution of mean 5, calculating a chi-square statistic for each
of the 99 samples. If fewer than 5 of these random samples produce values
of the chi-square statistic smaller than 9.3, then we can be at least 95%
confident that our model is an accurate one. Using this experimental tech-
nique, we can generate Table 3, which gives the values of chi-square assoc-
iated with each of the 99 samples. Since only two to these random samples
are superior to the model estimates, we can conclude that the differences
between the observed and predicted sinkhole occurrences are not significant,

5.2.2 Randomisation Methods 

Randomisation methods are used to simulate the variance of a statistic
when the distribution from which we have drawn our sample is unknown. When
using randomisation methods, the null hypothesis is that the value of the
goodness-of-fit statistic associated with the model is not significantly
different from that which would be expected from a random distribution of
the observed values across the units of the study area. The significance
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Table 3: Chi-Square Values generated by the Distributional
Experimental Variance Method

12.47 11.25 23.44 17.19 23.23

47.75 22.79 41.09 38.73 121.19

17.32 87.73 38.36 25.73 36.20

116.45 63.05 23.65 17.17 34.14

83.29 46.68 19.16 18.50 123.98

19.15 17.90 17.21 22.95 64.60

36.08 52.79 45.15 62.72 31.95

41.51 15.38 39.57 20.66 7.47*

29.34 22.99 47.66 19.60 39.81

16.10 28.66 20.75 29.06 34.76

29.92 28.47 32.10 14.30 50.87

68.25 17.78 56.65 25.44 42.47

32.60 11.04 46.28 16.81 20.33

37.11 88.91 13.12 36.52 22.83

8.82* 15.60 22.68 15.36 20.38

30.75 101.31 108.23 37.84 38.03

36.27 26.07 39.99 12.89 22.42
55.01 17.51 16.23 30.14 43.89

17.14 19.78 39.11 32.49 42.41

51.42 41.12 27.01 30.19

DETERMINE ACTUAL
GOODNESS-OF-FIT (AGF)

INITIALIZE EXPERIMENTAL
PROCEDURE

RANK AGF AGAINST THE
99 EGF VALUES

RANDOMLY REARRANGE
DATA

DETERMINE GOODNESS-OF-FIT
BETWEEN REARRANGED DATA AND
MODEL ESTIMATES

SAVE EXPERIMENTAL
GOODNESS-OF-FIT (EGF)

DO 99 TIMES

* values less than the actual goodness-of-fit

testing procedure is as follows. A value of a goodness-of-fit statistic,
again let us use the example of chi-square, is calculated using the observed
data and the model estimates. These observed data are then rearranged at
random across the n units of the study area. These rearranged data are then
compared with the model estimates and a chi-square statistic calculated.
Alternatively, one could rearrange the model estimates and compare them with
the observed values. This shuffling procedure is repeated for all n! possible
assignments of data. For data sets with a large number of units, sampling
with replacement from all n! possible combinations is used. This typically
involves 99 or 999 samples. Following this shuffling procedure the values
of the goodness-of-fit statistic are then used to provide an experimental
distribution as before (Figure 8).

Again using our sinkhole example, chi-square is 9.3 and n is 10. Hence,
there are 10! or 3 628 800 possible rearrangements of the observed data
across the 10 sampling units. We will randomly sample 99 of these, calcu-
lating a chi-square statistic for each randomly drawn sample. If fewer than
five of these randomly drawn samples produce values of chi-square less than
9.3, we can conclude that our model is accurate. Table 4 reports the chi-
square values associated with 99 rearrangements of the sinkhole predictions.
Coincidentally, we again draw only two superior values of chi-square, and
hence conclude that our model is accurate. The critical value of X 2 here
would be 12.92, which is very similar to the critical value reported for the
distributional method.

An alternative method of deriving the critical value of chi-square from
the randomisation procedure is to assume that the distribution of the chi-
square values is asymptotically Normal (Mantel, 1967), and to compute
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Figure 8. Randomisation Experimental Variance Calculation

Table 4: Chi-Square Values Generated by the Randomisation Experimental 
Variance Method

85.44 42.26 25.40 117.30 17.77
7.13* 48.70 60.18 66.30 18.97

39.90 115.23 55.49 33.43 43.38
68.75 34.47 76.88 84.68 13.50
55.92 82.95 12.17 37.44 58.05
84.35 76.17 21.67 83.17 52.40
25.24 24.35 104.42 4.65* 44.55
89.72 46.58 100.10 104.60 36.30
65.78 12.92 67.08 11.93 55.40
50.57 42.20 21.28 30.58 38.17
31.57 54.92 64.73 64.60 97.78
86.13 52.10 59.32 78.58 54.00
53.35 133.43 41.90 15.23 62.22
38.28 35.77 65.37 52.37 43.40
20.33 48.20 66.07 48.88 45.10
84.81 35.91 43.44 34.33 29.00
99.57 115.80 66.71 55.63 23.36
27.00 55.13 115.06 52.98 45.67
118.55 40.37 102.07 41.28 52.57
96.37 38.97 59.88 27.86

* values less than the actual goodness-of-fit

31



critical values of the Normal distribution in the usual manner. That is,
to use the standard deviation and mean of the experimental distribution to
work backwards from the z-score at some critical point. To demonstrate this
method, let us assume that the values of chi-square reported in Table 4 are
drawn from a Normal distribution (we will examine this assumption in a
moment). The mean of these values is 55.27, and the estimate of the popu-
lation standard deviation is 28.94. If we postulate a null hypothesis,
that the calculated value of chi-square (from our observed data) is not
significantly less than the mean of that obtained from a random permutation
of the data, then the region of rejection of this null hypothesis is all in
the lower tail of the distribution. Hence, at the 95% significance level,
the critical value of z is -1.645. Since z is defined by:

(37)

On rearranging, we obtain our critical value as:

Hence, our calculated value of 9.33 lies within the region of acceptance,
so that we cannot reject the null hypothesis. On this basis, we might not
be satisfied with our model performance.

However, there are two problems with this latter procedure for assessing
the critical value of a distribution derived from the randomisation pro-
cedure: one concerns the validity of the Normality assumption; the other
concerns the use of the Normal distribution in this particular instance.
Mielke (1979) points to the 'lumpiness' of permutational distributions, and
argues that they converge to Normality only very slowly as the number of
permutations increases, and that in any particular instance the fit to
Normality may not be very accurate. To investigate this criticism, we can
examine the fit of the distribution of values given in Table 4 to Normality
with a Kolmogorov - Smirnov test (Taylor, 1977).

By categorising the distribution by z-scores, we can present a visual
representation of the fit of the observed distribution to that of a perfect
Normal one (see Figure 9). The fit appears to be a reasonably close one,
although there are some noticeable deviations. In particular, the observed
distribution seems to contain more values that are below the mean than would
be expected in a Normal distribution. The observed and expected relative
frequencies for each of these divisions and the cumulative observed and
expected frequencies are given in Table 5. One goodness-of-fit test for
Normality that is appropriate here utilises the Kolmogorov-Smirnov statistic,
D, which is defined as:

(38)

test where we should be concerned with Type II error and hence we should use
large values of a. We do not want to make it easy to accept the null
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Figure 9. Observed and expected (under assumption of normality) Frequency
Distribution of Chi-square values obtained from the randomisation
method

hypothesis that there is no significant difference between our observed dis-
tribution and a Normal distribution. Hence, depending upon the stringency
of our test, we may or may not reject this null hypothesis. To be consistent

reject the null hypothesis and conclude that the distribution of chi-square
values reported in Table 4 is significantly non-Normal. Consequently, our
assumption of Normality used to derive the critical chi-square value is
invalid.

The second criticism of the use of the Normal distribution in this
instance applies even if the permutational values had a Normal distribution.
The Normal distribution is unbounded in both tails, whereas the lower bound
of the chi-square statistic is zero. Consequently, the use of the Normal
distribution in this instance makes it very difficult to reject the null
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hypothesis and conclude that our model is an accurate one. In some cases,
it may even be impossible to reject the null hypothesis. Consider in our

which is an impossible chi-square value. Consequently, the assumption of
Normality in this instance is not recommended.

6. SPATIAL ASPECTS OF GOODNESS-OF-FIT 

While much of the previous discussion has been relevant to goodness-of-
fit testing in both spatial and non-spatial situations, two points that are
peculiar to spatial goodness-of-fit are now described briefly. The first is
that of difference maps and tests of spatial autocorrelation on residuals;
the second is that of limitations on the range of goodness-of-fit statistics
due to spatial restrictions.

6.1 Difference Maps and the Spatial Autocorrelation of Regression 
Residuals 

At the beginning of this monograph, in Figure 3, we presented a map of
the residuals from our income model. From a visual inspection of this map
we assumed that there was no significant spatial autocorrelation, so that
our regression was valid and we had not omitted any relevant variable from
the model. We can examine this assumption more objectively by calculating
a spatial autocorrelation statistic for the residuals (see Cliff and Ord,
1981 for a discussion of spatial autocorrelation).

The test for spatial autocorrelation among regression residuals is
rather complex and demands an understanding of spatial autocorrelation that
cannot be covered here. Hence, we can do little more than refer to the
appropriate parts of Cliff and Ord and leave the reader to pursue this topic.
The test statistic for spatial autocorrelation among regression residuals
is the Moran coefficient, defined as:

(39)
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For the residual map in Figure 3, using the weighting scheme in (i),
I = -0.0830. The value of I has extremes of +1 when there is perfect posi-
tive spatial autocorrelation (positive residuals are associated with positive
errors in neighbouring regions and negative residuals are associated with
negative errors in neighbouring regions), and -1 when there is perfect
negative spatial autocorrelation (positive residuals are associated with
negative residuals in surrounding regions and vice-versa). When there is no
spatial autocorrelation, the statistic has a value of approximately zero.
Here then, the value of I = -0.0830 appears to indicate the presence of only
weak spatial autocorrelation. However, we examine the significance of this
value by calculating a standard Normal deviate:

(40)

The expressions for E(I) and Var(I) are given in Cliff and Ord (1981) as
equations (8.21) and (8.29), respectively. The particular form of these
equations depends on the number of parameters estimated in the regression
equation from which the model predictions are derived. For our model of
predicted mean incomes where n = 20 and I = 0.0587, E(I) = -0.0717 and

confidence level (the standard confidence level is appropriate here since
we want to minimise Type I error) is 1.96, so that we can accept the null
hypothesis that there is no significant spatial autocorrelation in the
residuals. Hence, we have no reason to suspect that our model calibration
technique (ordinary least squares regression) was inappropriate, or that our
model is poorly specified.

6.2 Spatial Restrictions on the Range of Goodness-of-Fit Statistics 

When investigating the goodness-of-fit between certain types of spatial
data, it is sometimes impossible, due to spatial constraints, to obtain
values of the goodness-of-fit statistic within the complete theoretical range
of the statistic. It is also possible that the expected value of the statis-
tic in practice is different from the theoretical expected value. Consider,
for example, an investigation of the relationship between access to health-
care provision and income, where mean incomes are obtained for census tracts
within a city, and access to health-care provision is measured by the distance
from the centroid of each census tract to the nearest health-care facility.
Suppose we take the example of the income data mapped in Figure 1. These
data are relatively fixed, and it is assumed in the model structure that the
location of health-care facilities is determined in part by this spatial
pattern of incomes. However, given the income distribution in Figure 1,
there is no spatial arrangement of health-care facilities that will yield a

ities will yield a set of distances that are not perfectly correlated with
income. McLafferty (1982) demonstrates, for example, that in Cedar Rapids,
Iowa, the range of R for the above two variables is approximately -0.4 to
0.8 with a mean of approximately 0.4. These values are obtained by taking
a large number of random permutations of the locations of the health-care
facilities and calculating R for each permutation. A similar problem has
been noted by Joseph (1982) with the range of the coefficient of localisatior
a representative of the family of general distance statistics discussed in
Section 3.2.
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In this kind of situation, which must occur frequently in geographical
studies, it would be more useful to assess the significance of a particular
goodness-of-fit statistic with reference to an experimental distribution,
as described in Section 5, rather than a theoretical distribution.

7. GOODNESS-OF-FIT TESTS IN DISCRETE CHOICE MODELLING 

The modelling of discrete choices is a branch of a broader research
area known as categorical data analysis, the use of which is expanding within
geography (Wrigley, 1982, 1985). It is increasingly being realized that
while many of the choices individuals make are continuous (such as how much
to pay for a home, or how much fertilizer to apply to a crop), and can
therefore be modelled by standard techniques such as ordinary least squares
regression, many choices are discrete and need specialised modelling tech-
niques. Examples of such techniques include the logit model (McFadden, 1974),
the probit model (Daganzo, 1979), the dogit model (Gaudry and Dagenais,
1979), and the elimination-by-aspects model (Tversky, 1972).

Three goodness-of-fit statistics are commonly reported in applications
of discrete choice models. One of these is the deviance which we have
already discussed. The other two are the rho-square statistic and Wolfe's
correlation coefficient which we will now discuss briefly. A fourth goodness-
of-fit statistic that we will examine is Kendall's tau, which is not used as
frequently as the above statistics in discrete choice modelling, but which
is used in questionnaire analysis.

The rho-square statistic is actually a likelihood statistic which is
closely related to the deviance measure. It is defined as:

One other goodness-of-fit statistic that is becoming increasingly popular
in applications of discrete choice models, although it could be applied to
any model, is a correlation coefficient proposed by Wolfe (Wolfe, 1976) and
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cribed in Section 5. However, as Longley U964) points out, tnere is a
weakness in relying on an experimental distribution in this instance, because
there is no way of accounting for different degrees of freedom in the two
models being compared. That is, the significance of a difference in model
performance cannot be assessed accurately if the two models being compared
have different numbers of parameters. Models with a greater number of para-
meters are expected to perform more accurately, ceteris paribus: we often
need to assess whether the improvement in model performance due to the
addition of parameters is significant, and this cannot be done with experi-
mental significance testing procedures. Of course, if a model with more
parameters does not perform more accurately than one with fewer, we should,
on the grounds of parsimony, select the latter.

assured by standardizing all three data sets in some way, such as by taking
z-scores or by deriving proximity matrices. Longley (1984) and Halperin
et al., (1984) provide examples of the latter technique in geographic
modelling.
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To see the application of the goodness-of-fit statistic in equation
(42), consider the following three data sets taken from Longley (1984); in

from two different discrete choice models. The task is to determine whether
or not there is a significant difference between the two sets of predictions.

A goodness-of-fit statistic that has been employed less frequently in
discrete choice modelling, but that can be used whenever the observed data
and the model predictions consist of a set of ranked values, is Kendall's
tau. In discrete choice modelling such data are often preference rankings
for various alternatives. However, perhaps a more common geographic situ-
ation, where the data are ranked or ordinal, occurs when individuals are
asked to respond to statements from a questionnaire on a scale such as:
strongly agree, agree, neutral, disagree, strongly disagree.

To see the application of Kendall's tau, consider the following experi-
ment which is very similar to that described by Timmermans (1984). An
individual is asked to give his/her preferences for 9 hypothetical shopping
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destinations, each of which has a certain combination of two attributes: the
choice of goods (as determined by store size), and travel time from the
individual's residence. Both attributes have three levels: choice of goods
can be limited, medium or wide; travel time can be 15, 30, or 45 minutes.
Each of the 9 hypothetical shopping destinations has a different combination
of the two attributes. The preferences of the individual are ranked from 1
(most preferred destination) to 9 (least preferred). A model is then postu-
lated with the following form:

(43)

As an example of the application of Kendall's tau, consider the data
on 9 shopping destination preferences in Table 6.

The concordant pairs are:

(D1,D3), (D1,D4), (D1,D5), (D1,D6), (D2,03), (D2,D4), (D2,D5),
(D2,D6), (D2,D7), (03,D4), (D3,05), (D3,D6), (D3,07), (D3,08),
(D3,D9), (D4,D5), (04,D6), (D4,D7), (D4,D8), (04,09), (D5,07),
(05,D8), (D5,D9), (D6,D7), (D6,09) .
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Table 6: Data on Shopping Preferences to Derive Kendall's Tau

Shopping
Destination

Stated
Preference Ranking

Predicted
Preference Ranking

D1 5 7
D2 6 5
D3 1 1

D4 9 9

D5 2 3
D6 4 2

D7 7 6

D8 3 8

D9 8 4

(45)

For further details on the use of Kendall's tau, especially in the case
where tied rankings are present, see Agresti and Agresti (1979). Timmermans
(1984) provides a further empirical application in geography.

8. APPLICATIONS 

Up to this point, we have examined a variety of goodness-of-fit statis-
tics, and have discussed the theoretical and computer-generated approaches
to assessing the significance of each of these measures. Although we have
provided worked examples throughout, we now provide a review of several
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interesting applications of goodness-of-statistics in geographic literature.
We draw our examples mainly from spatial interaction modelling, input-output
analysis, and climatological modelling.

Examples of the use of goodness-of-fit statistics in spatial interaction

linear interaction model specification; he concluded that competing destin-
ations models are superior to traditional gravity models. Lewis (1975) sim-

Heckscher-Ohlin models of interregional trade. Baxter and Ewing (1979, 1981)

trip behavior.

Use of generalised distance measures in the spatial interaction model-
ling literature includes the use of RMSE by Black (1973) to assess goodness-
of-fit in models of interregional commodity flow. Hathaway (1975) uses two

models disaggregated by age, sex, martial status, socioeconomic group, occu-
pational class, and standard industrial class relative to an aggregate model.
Pitfield (1978) uses SRMSE to discriminate between a linear programming model
and a doubly-constrained gravity model of freight movements in Britain.

Examples of the use of information-based and likelihood statistics
within the spatial interaction modelling literature include Ayeni's (1982)
use of psi to assess goodness-of-fit in models of commuting in Lagos, Nigeria,
and Thomas' (1977) study of journeys to work in Merseyside. The latter study
is particularly interesting because Thomas uses the additive properties of
information gain to examine the interrelationship between model fit and
spatial structure. Southworth (1983) uses a likelihood measure to assess
goodness-of-fit in models which describe the interrelationships between
spatial structure and distance decay.

Other examples of the use of goodness-of-fit statistics in spatial
interaction modelling include Fotheringham and William's (1983) use of three

pare Poisson gravity models with log-normal and production-constrained models
in four different data sets. The three statistics have the same order of
magnitude in all four data sets, indicating a fair degree of correspondence
between the statistics.

Lovett, Whyte and Whyte (1985) also examine Poisson gravity models, in
their case with data on historical migration in Scotland. They use the per-
centage change in the deviance measure, which is reported as part of the
GLIM package, to identify both relevant explanatory variables of the migration
process and the most appropriate model structure.

The previously cited articles use goodness-of-fit statistics either as
simple relative measures of model performance or with reference to traditional
significance tests•. The seminal paper illustrating the use of computer-
generated significance testing is Gale et al. (1984), which uses randomis-
ation methods to discriminate between nine different specifications of an
interregional migration model.

A second body of the geographic literature in which goodness-of-fit is
an area of debate is input-output analysis. Butterfield and Mules (1980)
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provide an excellent review of goodness-of-fit issues in input-output model-

(mean absolute difference, a general distance statistic) to assess estimates
of the Western Australian inout-output table. Kim. Boyce and Hewings  (1983)

assess different survey methods for estimating the Washington State input-
output table. Similarly, Schaffer and Chu (1969) and Czamanski and Maliza
(1969) investigate several survey methods for the Washington State input-

Czamanski and Maliza use MAD and a form of information gain.

A third body of literature where the use of goodness-of-fit statistics
is prevalent involves climatological modelling. Here Willmott (1984) serves
as an excellent review and also provides examples of generalised distance
measures, particularly RMSE, to assess alternative evapotranspiration models.
Suckling and Hay (1976) use RMSE to discriminate between alternative models
of solar radiation tested on three locations in Canada, while Atwater and
Bell (1978) utilize the correlation coefficient, mean absolute deviation and
RMSE to assess the reliability of a numeral solar radiation model. Willmott

polation model applied to California, while Johnson and Bras (19/8) use RMSE
to assess the fit of a model of short-term rainfall rates using simulated
data as well as actual data on these rates from stations in Oklahoma and
Illinois. Burt et al. (1980) use RMSE to assess the predictive abilities
of a simulated water balance model for irrigated and rain-fed agricultural
crop production using data from four sites in the southwestern United States.
Finally, Powell et al. (1984) use three statistics, mean absolute deviation,

lite imagery. Interestingly, they use RMSE to compare model performance in
several data sets, although this unstandardised version is data specific.
The SRMSE should be used for comparative purposes.

Lastly, we note an important study by Openshaw and Taylor (1982), who
examine the effects of zonal definition on the correlation between the
spatial distribution of Republican voters and that of the elderly in Iowa.
While not explicitly concerned with goodness-of-fit, since the topic of the
paper is on the correlation between two variables rather than on the modelling
of one particular variable, the paper nevertheless has important implications
for. goodness-of-fit statistics. Openshaw and Taylor demonstrate the
sensitivity of spatial statistics (and this would include spatial goodness-
of-fit statistics) to zonal definition to the extent that different aggre-
gations of 99 zones to 6 zones yielded correlation coefficients as diverse
as -0.99 and +0.99! This suggests that we should be very careful about
generalising the results of goodness-of-fit tests whenever models are cali-
brated with aggregate zonal data.

9. CONCLUSIONS 

We have analysed the performance of several goodness-of-fit statistics
with respect to their overall performance, their sensitivity to error and
their use in significance testing. The results of this analysis are summar-
ised in Table 7. For significance testing, theoretical distributions are
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Table 7: Summary of Goodness-of-fit statistics evaluated Table 7 - continued

SRMSE 0 1 Perfect Linear

(usually) Correspondence

Information 0 infinity Perfect Non-Linear

Gain Correspondence

Psi 0 n in 2 Perfect Non-Linear
Correspondence

AED 0 in n Perfect Non-Linear
Correspondence
or same values in
'Efferent order

Deviance 0 infinity Perfect Non-Linear
Correspondence

Experimental
Theoretical Distribution

Distribution Available Available Comments 

Yes, but very insensitive Yes Measures linear
correlation. Only
appropriate for models
with Normally-
distributed errors

Yes, but problems with Yes Sensitive to
definition of units underpredictions.

Not standardised for
units. Only appropriate
for models with Poisson
errors.

No Yes Statistic can be
greater than one
if average error
exceeds mean value

Yes, MDI statistic is Yes Emphasises errors in
assumed to be chi-square large values. Problems
distributed with definitions of

units. Cannot have
predicted values equal
to zero.

Yes, t distribution or Yes Can falsely conclude
Normal distribution. model is accurate
However, doubts exist when values are the
regarding validity of same in two data
variance formulation sets but appear in

different order.

Yes, chi-square Yes For Poisson errors, it
(for Normal errors) is identical to
or assumed chi-square MDI. Useful for
distributed (for comparing the
Poisson errors) performance of two

models.
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available for most of the statistics examined here, although experimental
methods can be used for all statistics. These latter methods are particu-
larly useful when asymptotic relationships fail to hold, when ambiguity
exists about sample size, or when statistical assumptions cannot be met.
Experimental methods additionally provide extremely intuitive ways of
assessing model goodness-of-fit.

While we offer no single solution to the problem of goodness-of-fit
assessment, we caution against the dogmatic acceptance of the results of
goodness-of-fit tests. For example, Ayeni (1982), while concluding that
his model is accurate, reports values for the MDI statistic that could re-
present errors in excess of 100%. Similarly, Thomas (1977) reports values
of information gain, ranging from 0.30 to 0.35, that could be indicative of
error levels in excess of 80%. In these instances, problems arise because

no good understanding of the practical range of statistics such as inform-

ation gain.

It is doubtful that a single ideal goodness-of-fit statistic exists.
However, we have provided a systematic framework for experimenting with
statistics to determine their usefulness in particular instances. Given a
correct definition of error and the definition of an ideal statistic (in
terms of the properties a statistic must possess in a particular instance),
it is possible to assess the response surfaces of statistics and their
associated tests with respect to the ideal. An awareness of how statistics
behave in particular instances should lead to a more careful and practical
use of goodness-of-fit statistics in geographic research.
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