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I INTRODUCTION 

(i) Purpose and pre-requisites 

Regression models are probably the most widely used statistical models
in geographical research. A regression model can be generally defined as
a statistical model that embodies assumptions about a dependence relation-
ship between one variable, the response or dependent variable, and one or
more other variables, the explanatory or independent variables. Whilst most
geographers are familiar with normal-theory regression models in which all
variables are continuously distributed, many are less familiar with models
in which either the response variable or one or more of the explanatory
variables is a categorized variable. The aim of this monograph is to pre-
sent an introduction to methods suitable for the situation in which the
response variable in such a relationship is a categorized variable. The case
in which the independent or explanatory variables are categorized or are a
mixture of continuously distributed and categorized is discussed in the
context of geographical applications by Silk (1976). The monograph assumes
that the reader is familiar with normal-theory regression models. At cer-
tain points in the text some knowledge of matrix algebra will prove useful
but the general reader who has no knowledge of matrix algebra will be able
to proceed by simply missing out such sections.

(ii) Levels of measurement 

Several geographical text books, for example Harvey (1969, p.308) and
King (1969, p.10), consider the question of levels or scales of measurement.
Four scales of measurement are generally recognized: the nominal scale, the
ordinal scale, the interval scale and the ratio scale.

The nominal scale is the lowest level of measurement and nominal
scaling amounts to categorizing objects or events and numbering them. For
example, if individuals are classified by sex into two categories, male
and female, these categories can be numbered 0 and 1.

At a slightly higher level than the nominal is the ordinal scale.
In addition to categorizing objects or events, this scale orders the cat-
egories. In other words the objects or events in one category are not just
recognized as being different from the objects or events in the other cate-
gories but are also recognized as standing in some kind of relation to them.
For example, they may be larger, smaller, more preferred, less preferred.
Such relationships allow a ranking or ordering of the categories in ascen-
ding or descending order, and each category is then assigned a number
corresponding to its position in the ranking. For example, individuals
may be classified according to socio-economic status and ranked into low,
average or high. Numbers can then be assigned, for instance 1 = low,
2 = average, 3 = high, which reflect the ranking. The intervals (distances)
which separate categories on the scale are unknown and may not be equal,
consequently we cannot perform the standard arithmetic operations on this
scale.
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regression equation but also a set of assumptions concerning the probability

Above the ordinal scale are two scales at which measurement consider-
ably stronger than ordinality can be achieved. These are the interval and
ratio scales. Both scales have all the characteristics of an ordinal scale
and in addition the intervals (distances) between any two numbers on the
scale are of known size, thus allowing standard arithmetic operations. The
interval scale differs from the ratio scale in having no true zero point
as its origin. This can be seen in the case of two well known interval
scales, the temperature scales centigrade and Fahrenheit. The zero point
in measuring temperature is arbitrary and different for the two scales,
however both scales contain the same amount and same kind of information and
they are linearly related. Ratio scales on the other hand have true zero
points as their natural origins and thus in addition to the properties of
the interval scale, ratio scales have the property that the ratio of any two
scale points is independent of the unit of measurement. For example, if we
used the two ratio scales pounds and grams to measure the weights of two
different objects, we would find that the ratio of the two pound weights
was indentical to the ratio of the two gram weights.

Although many of the variables used in geographical research, such as
height, distance and temperature, can be measured at high levels, at the
ratio or interval scales, of equal importance are those which can only be
measured at low levels, at the nominal or ordinal scales. Variables measured
at the low levels can be termed categorizations of an unordered (nominal
scale) or ordered (ordinal scale) nature. Categorizations are particularly
i mportant in human geography as a considerable amount of the information
used by human geographers is collected by social survey methods, and the
typical response to a social survey question is a categorized response.
Throughout the monograph the examples used will be taken from human geography,
however many of the variables used in physical geography are also categorized
variables and consequently the methods to be discussed are generally appli-
cable.

II THE CLASSICAL LINEAR REGRESSION MODEL. A BRIEF REVIEW.

In Section III of the monograph we will see that categorized response
variables cannot be analysed satisfactorily using classical normal linear
regression models. It is useful at this point therefore to state the assump-
tions of such models. (In addition see Poole and O'Farrell, 1971). Also,
although the monograph assumes that the reader is familiar with such models,
this section will serve as a brief summary of their form and will introduce
the particular notation used in the rest of the monograph.

For simplicity we will assume that we have a linear regression
model with only a single explanatory variable. The model can be written
for each of a series of i localities (i=1,...N) as

(1)

4

The full specification of the classical normal linear regression model
consists of a set of seven basic assumptions.

(Al) The linearity assumption. The regression equation should be linear 
in the unknown parameters. This implies that not only do simple
straight line relationships of the form (1) meet the linearity condi-
tion but also curved line relationships such as

which do not meet the linearity condition are those which are non-
linear in the parameters, for example

(3)

(A2) The assumption that the values of the explanatory variables in the
regression model can be measured without error.

(A3) The assumption that the values of the explanatory variable(s) are
fixed or nonstochastic. (This assumption can easily be relaxed and
the explanatory variable(s) allowed to be random. In this case the

this assumption is known as the spatially independent error terms or
no spatial autocorrelation assumption.
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( 7 )

The method of estimating the parameters of a linear regression model
most familiar to geographers is the method of least squares. (See for example
King 1969, p.121). Under the assumptions of the classical normal linear

intuitively we would like a "good" estimator to possess. (See the discussion
by Kmenta 1971 p. 154-93, Huang 1970 p.26-32, Wonnacott and Wonnacott 1970
p. 40-47). They are unbiased; in other words each estimator has a sampling
distribution with a mean equal to the parameter to be estimated. Each esti-
mator also has a variance which is smaller than that of any other linear un-
biased estimator (best linear unbiasedness).

Having discussed the assumptions of the classical normal linear regres-
sion model and the properties of the O.L.S. estimators under these assump-
tions, we are now in a position to consider the implications of having a cat-
egorized response variable. Instead of having a continuously distributed res-

Having stated the seven basic assumptions of the classical normal linear
regression model we can now see that by taking expectations of both sides of
(1) it follows, because of assumptions (A3) and (A4) that

(4)

i localities defines what is known as the population regression tine. it is
represented in Figure 1 by the dashed line. The regression parameters, a

their values we can determine the sample regression line, represented in
Figure 1 by the unbroken line which is defined by the equation

(5)

(6)

Fig. 1 Population and sample regression lines.

III TWO POSSIBLE RESPONSE CATEGORIES. THE DICHOTOMOUS CASE. 

(i)Introduction 

The simplest categorized response variable is a random variable with
only two possible outcomes. In this section we will examine this simplest
case. To make the discussion more readily comprehensible a specific example
will be taken. In this example the categorized response variable measures
the presence or absence of chronic bronchitis in adult males. We wish to
attempt an explanation of the spatial incidence of chronic bronchitis in a
particular city using a regression model with two explanatory variables, the
amount of air pollution as measured by the smoke levels in the localities
where each of the adult males live, and their cigarette consumption.

(ii)Problems associated with the classical linear regression model when 
the response variable is categorized 

If we code the two possible outcomes of the categorized response vari-
able 1 and 0, 1 representing presence of chronic bronchitis, 0 absence, and

6 7



and thus

(10)

(12)

(13)

(16)

(15)

of (8) and using (15) we then have

(8)

we will encounter a number of problems.

The first problem we will encounter concerns the violation of the con-
stant error variance assumption (A5). This follows from the fact that the
error term

(9)

can in this case only have one of two possible values:

range of probability and thus be inconsistent with the probability interpret-
ation advanced.

(iii) Alternative solutions 

As a means of analysing our categorized response variable the classical
normal linear regression model has thus been shown to be seriously deficient.
We will now consider alternative models which overcome these problems.

In order to allow the probability interpretation discussed above it is
necessary that the condition

(18)

is satisfied by the predictions of the regression model. In the case of

The error variance can therefore be written as

(14)

Clearly the error variance is not a constant but depends upon the values of
the explanatory variables. The classical assumption of constant error vari-
ance or homoscedasticity is therefore violated. Consequently if ordinary

The second problem we will encounter concerns the predicted values which

and to use straightforward ordinary least squares estimation of the regression
parameters. This solution is often referred to as the linear probability 
model. Unfortunately although it appears to be a simple solution to the

preticted probabilities problem, the model has a number of serious limitations
which are discussed by Domencich and McFadden (1975, p. 102-108, 119). An
i mportant problem occurs for example if a number of our sample localities

treme values. In this case the linear probability model will produce para-
meter estimates which are substantially biased below their true values.
Moreover the linear probability model does not satisfactorily extend to the
important multiple response category case which we will go on to discuss in
Section IV. In the multiple response category case Domencich and McFadden
(p. 119) conclude that the linear probability model 'does not yield a
practical estimator with satisfactory statistical properties'.

9
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(20)

(21)

Although (20) and (21) are nonlinear models it is a simple matter to rewrite
them as

(22)

(23)

(26)

locality i in the case of our example can then be written as

(27)

(28)

(24)

and substituting into (23) we have what is termed the linear logit model 
for the individual at locality i.

The predictions of the logit model

(25)

logit model thus overcome the second of the problems we identified in
Section III (ii) and represent feasible alternative regression models.

10

As a result of the limitations of the linear probability model we must
seek a more general method of satisfying condition (18). Perhaps the simplest
model in which condition (18) is automatically satisfied is

Another model in which condition (18) is also automatically satisfied
is

Although there are other models which automatically satisfy condition
(18) and from which other transformations with similar properties to the
logit and probit can be derived, the logit and probit are by far the most

and probit models as alternative regression models more suited to the categor-
ized response variable situation is essentially a matter of computational
convenience. Logit models particularly those suited to the analysis of
multiple response categories are without doubt computationally more conven-
ient than the the equivalent probit models and consequently the majority of
recently published analyses of categorized response variables in related
disciplines adopt logit models in preference to probit models. In the rest
of the monograph we will likewise adopt logit models as the alternative re-
gression models we have been seeking.

(iv) Estimating the parameters of a linear logit model 

Having thus selected logit models as regression models which are more
suited to the categorized response variable situation, how do we then esti-
mate the parameters of these models? The parameters of the nonlinear logit
model can be directly estimated using the method of maximum likelihood. 
However, as this method of estimation is less familiar to most geographers
than the method of least squares, discussion of it and of the nonlinear
logit model will be deferred until the final section of the monograph.
Instead we will concentrate upon the linear logit model and a least squares
method of estimation.

11



(31)

(32)

(33)

(34)

We begin our estimation of the parameters of the linear logit model by
first replacing the unobservable probability values on the left hand side of
(23) with observable relative frequencies. In order to derive these relative
frequencies it is necessary to group our sample of observations into K sets,
with as near as possible a constant probability of being a chronic bronchitic
within each set. These sets are determined on the basis of characteristic
values of the explanatory variables. An example of this procedure is to be
found in the next sub-section (III,v). For each of these sets (j=1,...K) we

(29)

the true logit, an estimate based upon relative frequencies. Grouping of
individual observations into sets is necessary because the transformed var-

by definition be infinity unless grouping is undertaken.

Although the linear logit model satisfies condition (18) allowing the
probability interpretation, the first of our original problems has not been
solved. The error variances are not constant across the j sets of (29).
Theil (1970 , p. 137) has shown that  these error variances take the
asymptotic form

(30)

(where asymptotic means as the sample size gets larger and larger and
approaches infinity'). This implies that the error variance may vary from
set to set. Knowledge of the nature of the heteroscedasticity (the unequal
nature of the error variances) can however be usefully exploited to solve
our problem.

another set of least squares estimators known as weighted least squares -
estimators, which effectively exploit the knowledge we have of the nature of
the heteroscedasticity. In this way we are able to derive estimators which
have all the properties we normally value. These weighted least squares
estimators which will be  discussed below use as weights terms of the form

12

system of weights thus effectively excludes a set j in which the observed
relative frequency is 0 or 1. Berkson (1953, 1955) has suggested however
that such an exclusion represents an unwarranted waste of information. He
advocates that we use instead replacement working values of the following
form.

In ordinary least squares estimation of the parameters of a linear
regression model (8) with two explanatory variables, a set of three

Given a set of data, solving the three equations for the three unknown terms
produces the required estimates of the regression parameters.
Weighted least squares estimation of the model (29) also produces a set of
three normal equations with three unknown terms similar to those of (32).
However, these normal equations now contain weights of the type discussed
above. Writing for simplicity the weights as

then the modified normal equations are shown below:

Solving for the three unknown terms produces the required weighted least
squares estimators.

13



1 N 5.15 67.1 54 N 0.00 62.1
2 Y 0.00 66.9 55 N 14.55 61.7
3 N 2.50 66.7 56 Y 11.00 61.0
4 N 1.75 65.8 57 Y 6.75 62.7
5 N 6.75 64.4 58 N 0.00 62.7
6 N 0.00 64.4 59 r 0.00 61.7
7 Y 0.00 65.1 60 N 1.75 60.9
8 V 9.50 66.2 61 N 2.40 60.6
9 N 0.00 65.9 62 N 10.05 60.4
10 N 0.75 67.1 63 Y 12.75 61.7
11 N 5.25 67.9 64 N 0.00 61.9
12 Y 8.00 68.1 65 N 5.00 61.3
13 Y 5.15 67.0 66 N 0.60 60.7
1 4 Y 30.00 66.3 67 N 0.00 60.8
15 N 0.00 65.7 68 N 0.85 60.5
16 N 0.00 65.2 69 N 0.90 59.7
17 N 5.25 64.2 70 N 0.00 59.5
1 8 N 1 0.05 64.6 71 Y 8.75 59.6
19 N 0.00 63.5 72 N 0.80 59.1
20 V 3.40 63.0 73 Y 6.60 59.4
21 N 0.00 62.7 74 N 1.00 58.5
?2 N 0.55 62.7 75 N 0.00 60.0
23 Y 9.50 62.1 76 Y 8.15 59.8
24 Y 12.50 63.7 77 N 0.00 59.7
25 N 0.00 63.1 78 Y 5.00 59.4
26 N 3.40 63.0 79 N 2.55 59.2
27 N 2.20 62.7 80 N 1.20 58.6
28 N 6.70 63.1 81 N 0.00 60.8
29 N 1.10 62.4 82 Y 11.25 60.4
30 N 1.80 64.4 83 N 0.00 60.2
31 N 0.00 64.2 84 N 2.00 60.0
32 Y 3.60 64.2 85 N 1.90 59.4
33 N 1.60 63.0 86 N 0.45 59.8
34 N 6.20 62.2 87 Y 0.00 59.7
35 N 14.75 62.3 88 N 0.00 59.0
36 N 0.35 63.7 89 Y 6.90 59.0
37 Y 13.75 63.8 90 N 2.35 58.6
38 N 0.00 63.1 91 N 3.95 59.7
39 V 7.50 62.7 92 N 0.60 59.6
40 N 1.00 62.9 93 Y 15.00 59.4
41 N 0.00 62.5 94 N 0.00 59.4
42 Y 1 4.80 61.7 95 N 0.95 59.4
43 Y 3.50 61.6 96 N 0.00 59.3
44 N 0.00 61.6 97 N 1.40 54.2
45 N 0.00 61.4 98 N 0.50 54.0
46 N 0.25 61.4 99 N 0.60 53.8
47 N 1.55 62.0 100 N 0.00 53.7
48 V 0.00 61.8 1 01 N 2.45 53.7
49 N 0.00 60.9 102 N 1.75 53.1
50 N 5.90 60.8 103 N 0.00 54.4
51 N 16.45 60.6 1 04 N 3.10 54.2
52 N 2.65 62.9 1 05 N 10.05 53.9
53 Y 12.50 62.6 106 N 0.55 53.2

1 07 N 0.85 53.2 1 60 N 0.80 52.9
1 08 N 1.10 54.9 161 N 0.55 52.7
109 N 0.00 54.5 162 N 0.95 52.6
110 N 0.00 54.5 163 N 0.00 52.1
111 N 1.45 54.2 1 64 N 3.10 54.1
112 N 2.05 54.2 1 65 N 0.80 53.7
113 Y 10.50 54.0 1 66 N 1.55 53.1
114 N 0.50 55.8 167 N 0.40 53.3
115 Y 9.20 55.5 168 N 6.20 53.0
116 N 0.55 55.6 169 N 0.60 53.0
117 N 0.00 55.5 170 N 0.40 53.9
118 N 0.96 54.9 171 Y 7.50 53.7
119 N 1.00 54.6 172 N 7.15 53.4
1 20 N 0.00 56.9 173 N 0.25 53.2
121 N 5.25 56.4 174 N 3.60 53.4
122 V 0.00 55.9 175 N 0.95 53.2
123 N 9.00 55.8 176 N 2.80 54.9
124 N 1.60 55.6 177 V 20.25 54.9
125 V 1 0.90 57.6 1 78 N 0.95 54.6
126 N 0.00 57.7 179 N 4.25 54.1
1 27 N 0.00 57.6 1 80 N 4.15 54.2
128 N 2.25 57.8 1 81 N 1 0.00 57.4
129 N 2.65 57.8 1 82 N 3.40 57.3
130 N 0.55 58.4 183 N 0.00 57.3
131 N 0.00 58.2 1 84 N 3.60 56.7
132 Y 4.50 58.0 1 85 N 0.90 56.5
133 N 15.00 58.1 1 86 N 0.00 56.8
134 N 0.00 57.9 1 87 N 0.00 56.6
135 N 0.00 57.3 1 88 r 6.40 56.5
136 N 4.20 58.3 189 N 0.95 56.3
137 N 0.55 58.1 190 N 1.06 56.3
138 Y 1 0.00 57.9 191 N 13.30 56.2
139 N 0.00 57.6 192 N 1.10 56.6
140 N 7.10 57.3 1 93 N 17.20 55.9
141 N 3.20 57.1 194 N 1.65 56.0
142 Y 0.00 58.9 195 V 5.00 55.8
1 43 r 6.80 58.6 196 N 2.10 55.7
144 N 0.00 58.7 197 N 0.60 57.0
145 N 0.00 57.5 198 V 8.25 56.7
1 46 N 2.35 57.2 199 N 0.90 56.4
147 N 24.90 58.0 200 N 0.00 56.5
148 N 2.65 57.9 201 V 12.30 55.2
149 Y 3.70 57.2 202 N 1.15 56.9
150 N 17.10 57.3 203 N 2.20 56.7
151 N 0.00 57.5 204 N 3.60 56.0
152 N 0.95 57.2 205 V 10.00 55.5
153 N 10.05 53.1 206 N 0.60 55.3
154 N 1.15 53.0 207 N 9.50 56.5
155 V 18.25 53.0 208 N 0.70 56.3
156 N 10.00 52.9 209 V 9.00 56.1
157 N 0.75 52.6 210 N 0.00 55.9
158 N 0.00 53.1 211 N 0.50 55.5
159 N 4.20 53.0 212 N 0.90 55.4

Table 1
Table 1



Table 2

Table 3
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Fig. 2 Cardiff Enumeration Districts and Sample Area

(v) An example. Chronic bronchitis in an area of Cardiff

Having discussed how to estimate the parameters of a linear logit
model suitable for our categorized response variable we will now work through
the estimation procedure using a real set of data. The data reproduced in
Table 1 give the presence or absence of chronic bronchitis in a sample of
212 adult males in the small area of Cardiff depicted in Figure 2. Also

lives and the respondent's cigarette consumption. These figures are re-
produced from a much larger study of chronic bronchitis in Cardiff conducted
in 1974 by Jones*. The smoke level figures at each sample site were inter-
polated from 13 air pollution monitoring stations in the city. The presence
or absence of chronic bronchitis in the sample was determined using a special
form of questionnaire devised for use in the investigation of chronic
bronchitis by the Medical Research Council (1962). In tests, detection of
chronic bronchitis using this form of questionnaire have been found to be
almost completely consistent with clinical diagnosis (McNab et al.1966). In
the same questionnaire details of the respondent's smoking history were also
collected and information on a set of other variables not reported here. The
cigarette consumption values recorded in Table 1 were determined from the
average number of cigarettes smoked per day and the number of years a re-
spondent had smoked, expressed in hundreds of cigarettes. Consumption of
pipe tobacco was converted into cigarette equivalents. The survey was

*Jones, K. (1975) ' A geographical contribution to the aetiology of chronic
bronchitis', Unpublished B.Sc. dissertation, University of Southampton
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We can also test 'the validity of our particular model using a test

where

(36)

(37)

(38)

restricted to men over fifteen years of age who had lived at their location
at the time of the survey for at least ten years. In the larger survey from
which this data set is taken a 94.5% response rate was achieved.

As stated in the introduction to this section we now wish to attempt an
explanation of the determinants of chronic bronchitis using a linear logit
model of the form (29), and a weighted least squares estimation procedure.
Our first task is to group our sample of respondents into sets on the basis
of characteristic values of the two explanatory variables. Table 1 reveals
that the range of smoke level values is from 52.1 to 68.1. The cigarette
consumption values range from 0.00 to 30.00. By dividing the smoke level
observations into 3 groups and the cigarette consumption observations into
5, we can next derive 3x5 = 15 sets. The total number of respondents  in each

formation required to solve the normal equations (34). This information is
given in Table 3. Substituting the values given in Table 3 into the normal
equations (34) we get

Table 4
As would be expected these parameter estimates suggest that both explanatory
variables, cigarette consumption and smoke level are positively related to
the incidence of chronic bronchitis in this area of Cardiff.

Having derived the parameter estimates we can now determine what our
model predicts the probability of chronic bronchitis to be in each of the
sets, using the following equation:

1 8

freedom equal to the number of sets minus the number of parameters estimated .

Table 4 gives the observed and predicted logits, the weighted discrepancies,
the value of the test statistic (38) and the degrees of freedom for the

example.

tables we reject the null hypothesis of no significant difference between the
logits predicted from our model and the observed logits, and we suggest that
our model is not adequately representing the observed variation in the
incidence of chronic bronchitis.

21.0 and 26.2 respectively. The computed value of the test statistic for
the example is 16.38, thus the null hypothesis cannot be rejected and we can
suggest that there is an adequate agreement between the predicted logits from
our model and the observed logits.

19



and

20

(vi) A matrix formulation 

discrepancy between the predicted logits from our model and the observed
logits at the conventional 0.05 level, it is in fact rather high. This
suggests that our model could be improved, perhaps by the introduction of
more explanatory variables. Certainly it would be useful for example to in-
troduce the occupation of the respondent into the list of explanatory
variables. However, when more than two explanatory variables are included
in a model, the normal equations (34) become cumbersome to write out and to
solve by hand. At this point we normally turn to matrix notation and matrix 
algebra to help us.

In matrix notation the normal equations (34) can be simplified to the
equivalent form

(39)

where, remembering that there are K sets (j=1,...K)

By the rules of matrix algebra the solution of (39) is then

(40)

The reader will now be able to see that it is a simple matter to include
another explanatory variable. All that is involved is the addition of an

The inclusion of an additional explanatory variable will also involve re-
grouping the observations into K new sets, the sets now being determined on
the basis of characteristic values of three explanatory variables rather
than two as in the above example.

At this point more advanced readers may wish to consider how the in-
ferential tests we can conduct on our logit models can be expressed in
matrix algebra. General readers are advised to move straight on to Section IV.

In matrix notation the test statistic (38) becomes

(41)

It also becomes a simple matter to compute the standard errors of the para-
meter estimates. These standard errors are given by the square roots of the
diagonal elements of (42),

(42)

If we wish to test the validity of adding an extra explanatory variable
or set of explanatory variables to the model of our example, we can either
simply inspect the parameter/standard error ratio(s) or use a general test
statistic of the form (Grizzle et al 1969)

(43)

In our case if we wish to test the validity of adding only a single extra
explanatory variable to the previous model, C is a one row matrix, in other
words a vector, of the form.

21



(45)

(46)

Therefore,

or

(47)

The test statistic (43) has under the null hypothesis an asymptotic chi-
squared distribution with degrees of freedom equal to the number of rows of
C.

IV MULTIPLE RESPONSE CATEGORIES. THE POLYCHOTOMOUS CASE 

(i) Introduction 

The case we examined in the previous section, the case in which the
categorized response variable has only two possible outcomes, is only the
simplest categorized response variable problem. There are far more cases in
which the geographer is faced with categorized response variables with more
than two possible outcomes. We call these polychotomous rather than dicho-
tomous variables. In this section it will be shown how the linear logit
model can be extended to cover such cases. To aid the discussion it is use-
ful to think in terms of a particular example. Let us presume that a survey
of opinions about a proposed road improvement scheme has been conducted in
an area surrounding the site of the proposed improvement. In response to a
questionnaire the sample of individuals surveyed have indicated whether they
are in favour', 'against' or 'undecided' about the scheme. We now wish to
consider how people's opinions about the scheme are affected by their prox-
imity to its location, where proximity of individual i is measured by the

The left hand side of (46) can however be simplified to give the linear logit
relationship

(47)

Following the form of (44) this linear logit relationship can also be written
as

(48)

Thus if we compare the last two equations (48) and (47) we can write

(49)

(50)

Theil (1970, p. 119) notes that the right-hand sides of (50) can then be
rewritten as

(51)

and this enables us to rewrite (44) as

(ii) The extended linear logit model 

We can begin to extend our previous dichotomous linear logit model by
first arbitrarily scoring the three possible responses 2 (in favour),
1 (against) and 0 (undecided). Taking any pair of these possible responses,
say 'in favour' and 'against', scored 2 and 1 respectively, we can then
write a linear logit relationship for the pair (compare it with 23) as

(44)

pair of categories, for example 'against' (1) and 'undecided' (0), we can
then add the linear logit relationship for this pair to that for the first
pair and we get

22

(52)

Equation (52) forms the basis of the extended linear logit model, and it is
sufficient to consider (52) for all responses different from the arbitrarily
chosen denominator response (1, 'against' in our case). In addition the

on (52) without loss.

Instead of a single linear logit equation for each individual as in (23)
we now have in the extended case of our example (remembering that the
constraints (53) have been imposed) two linear logit equations of the form
(52).
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(53)

(58)

(54)

(iii) Estimating the parameters of the extended linear logit model 

Estimation of the parameters of the extended linear logit model (54)
proceeds in exactly the same manner as in the estimation of the parameters
of the simple linear logit model (23). That is to say individuals are
grouped into sets and for each set j (j=1,...K), (54) is rewritten as

(55)

The parameters of (55) are then estimated using the weighted least squares
method discussed above which in this general case is known as generalised 
least squares. However, because there are now two equations for each set j,
the estimation method_becomes slightly more complex. The error terms

In other words instead of being a single element or scalar, it is now a 2 x 2
matrix.

It should also be noted that in this extended case Grizzle et al. (1969)
have suggested that replacement working values like those discussed in III (iv)
above should be employed when the observed relative frequency is 0 or 1.
When there are r possible response categories (r=3 in our case) they suggest
using

Rather than write out in conventional algebra the normal equations for
our extended linear logit model, it is less cumbersome to use the equivalent
matrix form as we did in III (vi). As we saw in III (vi) in matrix notation
the normal equations have the form.

(56)

Remembering that in terms of our example we have only one explanatory
variable, proximity, and K sets (j=1,...K), then the elements of (57) are
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By the rules of matrix algebra the solution of (57) is then

as in III (vi). The significance tests and standard error formulas given in

III (vi) also apply directly.

(iv) More than one explanatory variable or more than three response categories 

The example discussed above is the simplest possible case of an extended
linear logit model. If more than one explanatory variable is to be included
in the above model all that is involved is the addition of an extra two
columns in the matrix of observations X and thus an extra two rows in X' for
every additional explanatory variable. With one extra explanatory variable

X therefore becomes
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If the categorized response variable has more than three possible

of four possible outcomes in Wrigley (1975, p. 190-91).

(v) Predicted probabilities from the extended linear logit model 

In the case of our original example, three response categories and one
explanatory variable, our model predicts the probability of each response in
each set to be

(59)

where for example

(60)

These predicted probabilities sum to one for each set j. Unlike the
predicted probabilities in the dichotomous case (36) however, the predicted
probabilities in the polychotomous case are not necessarily a monotonically 
increasing or decreasing function of the values of the explanatory variable(s)
In other words, unlike the classical linear regression model or the dichotom-
ous linear logit model, as the value(s) of the explanatory variable(s) rises
or falls consistently, so the predicted probability of a particular response
may first increase and then decrease. This feature is shown in Figure 3 which
is an example of a four response category case taken from a study of consumer
shopping behaviour by the author. As accessibility between households and
retail outlets, measured by mean spatial separation, becomes worse (as mean
spatial separation moves from negative to positive), so the probability that
households (in which the housewife works) will choose a particular form of
shopping behaviour known as a 3-shop-type diversification level, first in-
creases and then decreases

Fig. 3 An illustration of the pattern of predicted probabilities in the
polychotomous case

V EXTENSIONS AND PROBLEM AREAS 

(i) Maximum likelihood estimation and nonlinear logit models 

In the previous sections of this monograph we have concentrated upon
the linear logit model and a least squares method of estimation. As the
reader who has attempted to work through the example in III(v) will already
have found, the great drawback of this method of estimating the parameters
of a linear logit model is the fact that grouping observations into sets is
a laborious procedure. When a whole series of models are to be estimated
using the same basic set of data, re-grouping must be undertaken for every
postulated model, and unless a highly flexible computer routine is available
the work involved is a major deterrent. It would be extremely useful there-
fore to have a method of estimation which does not require the grouping of
observations into sets, which works instead with the individual observations.
In fact we have such an estimation method. It is known as the method of
maximum likelihood, and by using this method we can estimate the parameters
of a nonlinear logit model of the form (20) without first having to convert
it to a linear model (23).
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The method of maximum likelihood was developed by R.A. Fisher (see
Edwards 1972). If they come from a discrete distribution the likelihood of
a set of observations is their joint probability of occurrence. In the case
of the chronic bronchitis example of Section III the likelihood of the set of
observations in Table 1 is

(61)

(62)

As specified the likelihood depends upon a set of unknown parameters.
These parameters are then estimated by taking as estimates those values of
the parameters which maximize (62). Rather than maximize the likelihood
itself however, it is usual to maximize instead the logarithm of the like-
lihood. In the case of (62) this implies maximizing

(63)

The so called first order conditions for a maximum occur when the first
partial derivatives are set to zero.

(ii) Probability surface mapping 

One of the oldest and simplest techniques used by the geographer in
spatial analysis is trend surface mapping. Trend surface mapping attempts
to decompose a spatial series into two components, a trend or regional
component and a residual or local component. (See Bassett 1972, Chorley and
Haggett 1965, Unwin 1975). A trend surface model is basically a linear re-
gression model in which the explanatory variables are the geographical co-

Although trend surface mapping has been widely used in a number of
disciplines its range of applicability has been limited by the apparent
universal acceptance that the variable to be mapped must be measured at a
high level, at least interval scale. Categorizations have previously been
viewed as unmappable by the trend surface method. Logit models provide us
however with a solution and in a recent paper (Wrigley 1976) the author has
demonstrated that surface mapping of such variables can be achieved using
logit models. The resulting maps can be called probability surface maps,
and they are illustrated in the paper using the empirical example of the
perception of aircraft noise disturbance around Manchester (Ringway) Airport.

(iii) Residuals and testing for spatial autocorrelation 

An integral part of surface mapping is the ability to map the residuals
or local component values, and the ability to assess whether such a map dis-
plays any discernible spatial organisation. This ability to map residual
values and assess such maps for the presence or absence of spatial organisat-
ion or spatial autocorrelation is also important in the context of the
standard logit models discussed in Sections III and IV.

In the case of the dichotomous linear logit model estimated by weighted
least squares, as discussed in Section III, a residual can be defined for

(65)

(64)

The extension of the maximum likelihood estimation method to the
multiple response category case is set out, using a four possible response
category example, in Wrigley (1975, p. 192-3). Details of significance
tests which are applicable when maximum likelihood estimation is used are
given in Wrigley (1976).

Determination of the maximum of the log likelihood (63), or its extension
in any particular multiple response category case, requires a numerical op-
timization computer routine. A set of such routines have been written by the
author, and details of their availability will be supplied on request.

Unless, therefore, the list of explanatory variables were to include geo-
graphical co-ordinates, a set will be a non-areal entity and thus it will be
i mpossible to attribute to the residual the locational information which is
necessary in any mapping or test of spatial autocorrelation.

In the context of direct maximum likelihood estimation of the nonlinear
logit model, individual observations are used in the estimation and thus a
residual can be defined in the dichotomous case as

(66)
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Cox (1970, p.96) has suggested standardising such residuals to have a mean
of zero and a unit variance as follows,

(67)

low probability of first category selection, or in terms of the example of
Section III, of being a chronic bronchitic, the residuals have a very skew
distribution. Thus in locations where the probability of being a chronic
bronchitic is high, the residuals are either small and positive or large and
negative. In locations where the probability of being a chronic bronchitic
is low, the residuals are either small and negative or large and positive.

In any attempts to test for the presence of spatial autocorrelation
amongst the residuals (67), we are hampered not only by extreme non-normality
of the residuals but also by the fact that the statistic geographers commonly
use (Cliff and Ord 1972) is not applicable to residuals derived from a non-
linear model. Some form of generalisation of the Cliff-Ord spatial auto-
correlation statistic for regression residuals is required. In the absence
of such a statistic it is suggested that we attempt purely visual or ad hoc
statistical assessments of the presence of spatial autocorrelation amongst
our map of residuals, or employ in an informal manner Cliff and Ord's (1969)
earlier spatial autocorrelation statistic for spatially distributed variables
using the version of the test based upon the assumption of randomisation
rather than that based upon the assumption of normality. These suggestions
are however only tentative and much work remains to be done in this area.

In the multiple response category case the definition of a residual (67)
must be generalised to the form

(68)

(iv) Ordered categorizations 

Throughout the monograph no account has been taken of any ordering which
might exist amongst the response categories. All categorized response var-
iables have been treated as unordered. A potential extension to the logit
models outlined is to attempt to take account in the specification of the
models and in the estimation procedures of any ordering which might exist
amongst the response categories. Cox (1970, p.104) presents a nonlinear
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model which takes account of the ordering of the responses in a particular
three category situation.

(v) Conclusion 

It is the contention of this monograph that logit models are an extremely
valuable aid to the geographer, enabling him to deal with the categorized
response variables which he often wishes to study. Logit models are becoming
widely used in a range of related disciplines, and as applications multiply
it will become increasingly important for the geographer to understand their
characteristics and potential.
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